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Abstract

Evolutionary algorithms (EAs) are a class of general optimization algorithms which are applicable to functions that are multimodal,
non-differentiable, or even discontinuous. In this paper, a novel evolutionary algorithm is proposed to solve global numerical optimiza-
tion with continuous variables. In order to make the algorithm more robust, the initial population is generated by combining determinate
factors with random ones, and a decent scale function is designed to tailor the crossover operator so that it can not only find the decent
direction quickly but also keep scanning evenly in the whole feasible space. In addition, to improve the performance of the algorithm, a
mutation operator which increases the convergence-rate and ensures the convergence of the proposed algorithm is designed. Then, the
global convergence of the presented algorithm is proved in detail. Finally, the presented algorithm is executed to solve 24 benchmark
problems, and the results show that the convergence-rate of the proposed algorithm is much faster than that of the compared algorithms.
� 2007 National Natural Science Foundation of China and Chinese Academy of Sciences. Published by Elsevier Limited and Science in

China Press. All rights reserved.
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1. Introduction

During the past three decades, global optimization
problems have been intensively studied in various areas.
A number of algorithms for the global optimization prob-
lem arise and all these can be divided roughly into two
main classes: the determinate method [1,2] and stochastic
modeling method [3,4]. In global optimization problems,
algorithms may tend to get stuck in local minima, and
the convergence-rates of them are usually very low when
there are numerous local optima [5].

Evolutionary algorithm (EA) is a kind of global random
search methods based on life evolution mechanisms. It con-
tains Genetic Algorithm (GA) [6], Evolutionary Program-

ming (EP) [7], Evolutionary Strategy (ES) [8] and Genetic
Programming (GP) [9]. The main features of the EA are
swarm exploration and global performance. EA is suitable
for the problems with both discrete variables and continu-
ous variables, and does not need to get exact priori knowl-
edge on the problems. In the existing algorithms, EA has
received considerable attention regarding its potential to
solve complex global optimization problems. However,
low convergence-rate and prematurity are also challenging
problems for EA.

The crossover operator and mutation operator are the
main components to improve the EA’s behavior [7,10].
Improvements have been sought in the optimal crossover
rates, mutation rates and a more powerful alternative
crossover or mutation [11]. In this paper, to enhance the
algorithm, a crossover operator which keeps global search
when finding descent directions and a mutation operator
which balances global exploration and local search are
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designed. Furthermore, to speed up the convergence, when
producing the initial population, both determinate method
and random method are employed. Based on these opera-
tions, a novel evolutionary algorithm for global numerical
optimization with continuous variables is proposed.

2. Novel evolutionary algorithm for global optimization

Consider the following global optimization problem:

min
L6X6U

f ðX Þ ð1Þ

where X=(x1, x2, . . .,xN)T is a variable vector in RN, N is
the dimension of the problem, f(X) is the objective func-
tion, and L=(l1, . . ., ln)T and U=(u1, . . .,uN)T define the fea-
sible solution space. We denote the domain of xi by [li, ui],
and the feasible solution space by [L, U].

2.1. Initial population

Here each individual is taken as a vector of floating-
point numbers, with the same length as that of decision
variables. The initial population is generated as follows:
(x1, x2, . . .,xN)T represents a solution to the optimization
problem. pop individuals, where pop is population size,
are produced by the following two algorithms. 1/m initial
population, where m is a pre-specified number, is produced
by Algorithm 1; others are generated by Algorithm 2.

Algorithm 1.

Step 1: Produce a random vector ra in [0, 1]N uniformly.
Let k=1.
Step 2: Compute X=L+(U�L) � k/dpop/me+(U�L)�ra/
dpop/me, k = k + 1.
Step 3: If k 6 dpop/me, go to step 2.

Remark 1. Algorithm 1 divides the domain [L, U] into
dpop/me equal parts, and generates one individual in every
part uniformly. Thus, some determinate factors are added
into the initial population.

Algorithm 2.

Step 1: Produce a random vector ra in [0, 1]N uniformly.
Let k = 1.
Step 2: Compute X = L+(U�L)�ra, k = k + 1.
Step 3: If k 6 pop�dpop/me, go to step 2.

Remark 2. In Algorithm 2, (pop�dpop/me) individuals are
produced randomly in the searching space.

2.2. Crossover operator

In order to find the decent direction quickly, a decent
scale function is introduced in this subsection. And accord-

ing to the relationship between the population and the
decent scale function, a crossover operator is constructed.

The decent scale function is defined as ŷ ¼ f ðeX Þ � d,
where eX denotes the optimal solution in the population
of the current generation. In numerical experiments of Sec-
tion 4, d ¼ k j f ðeX Þ j, k = 1/10000.

Definition 1. For problem (1) and points X, Y 2 [L, U], X is
better than Y if f(X) < f(Y).

Let X=(x1, x2, . . .,xN)T and Y=(y1, y2, . . .,yN)T be the
crossover parents, t the current generation, En,1=(1,
1, . . ., 1)T the unit vector, and g0 a parameter for generating
the temporary offspring. The crossover offspring is pro-
duced by Algorithm 3.

Algorithm 3.

Step 1: Let Z1=(z11, z12, . . .,z1N)T = a1X + b1Y, Z2=(z21,
z22, . . .,z2N)T = a2X + b2Y, where a1, b1, a2, b2 are real
numbers such that z1 and z2 are in the feasible solution
space. Compute f(Z1), f(Z2), f(X), f(Y) and add Z1, Z2,
X, Y to the temporary offspring set. Let g = 1, j = 4,
where j denotes the size of the temporary offspring set.
Step 2: Denote the better one between X and Y as
V=(v1, v2, . . .,vN)T. For k=1 to 2,

For 1 6 i 6 N, denote the line passing through (vi, f(V))
and (zki, f(Zk)) as L1, the line presenting ŷ ¼ f ðeX Þ � d as
L2. If L1 and L2 intersect at point pint=(pint.x, pint.y), let
eZ jþk;i ¼ pint:x. Otherwise, eZ jþk;i ¼ vi. Let the (j+k)th tem-
porary offspring Zjþk ¼ ðeZ jþk;1; . . . ; eZ jþk;N ÞT and add Zj+k

to the temporary offspring set. j = j + 2.

Step 3: Select crossover offspring in the temporary off-
spring set. Denote the temporary offsprings better than
eX as Z1, Z2, . . .,Zq.

If q < 2 and g < g0, let ŷ ¼ ŷ � d, g = g + 1, go to step 2;
otherwise, choose the best two individuals in the temporary
offspring set as the crossover offspring. Stop.

From the above algorithm, the crossover offsprings are
always better than the parents.

2.3. Mutation operator

The non-uniform mutation operator is introduced in
Ref. [12] is as follows:

x0k ¼
xk þ ðuk � xkÞr½1� t=T �b if randomð0; 1Þ ¼ 0

xk � ðxk � lkÞr½1� t=T �b if randomð0; 1Þ ¼ 1

(

where X={x1, . . .,xN}T is the mutation parent,
k ¼ 1 � n;X 0 ¼ ðx01; . . . ; x0N Þ

T is the resulting offspring, t is
the current generation, T is the maximal number of gener-
ations,r is a random number in [0, 1] uniformly, b is a sys-
tem parameter which determines the dependence degree of
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random disturbance on evolutionary generation t, as a rule,
b = 2.

Although the non-uniform mutation operator scans in
the whole feasible space evenly at the beginning, the explo-
ration becomes localized with the generation increasing. In
order to overcome this, the following improvements are
made on the non-uniform mutation operator.

(a) Add the following part.

x0k ¼
xk þ ðuk � xkÞr½t=T �b if randomð0; 1Þ ¼ 0

xk � ðxk � lkÞr½t=T �b if randomð0; 1Þ ¼ 1

8

>

<

>

:

This added part explores the whole searching space uni-
formly during the execution of the algorithm. Hence, it
overcomes the shortage of the non-uniform mutation oper-
ator. By integrating the above two parts, not only the abil-
ities of the global search and local exploration are
balanced, but also the diversity of the population increases.
As a result, the premature convergence is avoided with high
probability.

(b) In order to increase the low convergence-rate and
reduce the blindness of the non-uniform mutation,
we improve the production of random number r.

Definition 2. Assume that the precision of solution is e, X is
a e-precision optimum if kX�X*k1 6 e, where e > 0 is small
enough, and X* is the global optimum.

r in the improved mutation is chosen as Algorithm 4.

Algorithm 4.

Step 1: Divide [0,1] into subintervals [wj
1;w

j
2�; . . . ;

½wj
nj�1;w

j
nj
� such that j wj

k � wj
k�1 j< e, k = 2 � nj, where

wj
1 ¼ 0;wj

nj
¼ 1.

Step 2: For xj, an arbitrary component of X, produce a
random number r 2 [0,1] uniformly, if pm > r, choose wj

r

in the set fwj
1; . . . ;wj

nj
g randomly and let r ¼ wj

r. Other-
wise, r = 0.
Step 3: Repeat step 1 and step 2 N times, a resulting
offspring is generated and denoted as MO={mo1,
mo2, . . .,moN}T.

From above, the improved non-uniform mutation oper-
ator is represented as follows.

x0j ¼

xj þ ðuj � xjÞr½1� t=T �b if 0 6 rand 6 c1

xj � ðxj � ljÞr½1� t=T �b if c1 6 rand 6 c2

xj þ ðuj � xjÞr½t=T �b if c2 6 rand 6 c3

xj � ðxj � ljÞr½t=T �b if c3 6 rand 6 1

8

>

>

>

>

>

<

>

>

>

>

>

:

j = 1 � n, where X={x1, x2, . . .,xN}T is the mutation parent,
X 0 ¼ ðx01; . . . ; x0N Þ is the resulting offspring, t is the current
convergence generation, T is the maximal number of conver-
gence generations, rand is a random number in [0,1] uni-
formly, b determines how the random disturbance depends
on generation t, c1, c2, c3 satisfies c1 + c3 � c2 = 0.5.

From the above formulas, the improved non-uniform
mutation operator balances the abilities of global explora-
tion and local search and avoids the algorithm being
trapped in the local optima.

2.4. The novel evolutionary algorithm (NEA)

Step 0: Initialization
Step 1: Perform Algorithms 1 and 2 to create an initial
population, calculate the function values of the
population.
Step 2: Find out the best one among the population and
denote it as eX . Choose pop individuals in the population
randomly and execute Algorithm 3 to produce the cross-
over offspring.
Step 3: Execute the mutation operator on the crossover
offspring to generate the mutation offspring. Each cross-
over offspring is selected for mutation with probability
pm.
Step 4: Select the best pop individuals in eX , the crossover
offspring and mutation offspring as the original popula-
tion of the next iteration.
Step 5: If the stopping criterion is satisfied, stop. Other-
wise, return to Step 2.

3. Global convergence

Definition 3. X0 is reachable by X through crossover and
mutation operations, namely Prob{MC(X)=X0} > 0, if X0

can be generated by X through these operations, where
MC(X) represents the individual produced by crossover
and mutation operations on X, Prob{�} denotes the
probability of random event {�}.

Definition 4. If Prob{kMC(X)�X0k1 6 e} > 0, it is called
that X0 is reachable with e-precision by X undergoing cross-
over and mutation operations.

For the minimize problem minX2Xf(X), where X is the
feasible space, Back has proven the following result [13]:

If an evolutionary algorithm meets: (1) For any X0 and
X, X0 is reachable by X through crossover and mutation
operations; (2) The population sequence P(1), P(2), . . .,
P(k), . . . is monotone, that is, min{f(X)jX 2 P(k)} P
min{f(X)jX 2 P(k+1)} for any k. It converges to the global
optimum with probability one.

Next, we prove that if ‘‘reachable” is replaced by ‘‘reach-
able with e-precision” in the condition (1), NEA always
converges to the e-optimal solution.
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Theorem 1. If e > 0 is small enough and f(X) is continuous in

the searching space [L,U], NEA converges to the e-optimal

solution with probability one, namely Prob{limk?1k
P(k) � P*k1 6 e} = 1, where P* is the set of the global

optimal solutions, and {kP(k)�P*k1 6 e} represents that for

any X 2 P(k), there exists an X* 2 P* such that
kX�X*k1 6 e.

Proof. At first, we prove that for any two points
X 0 ¼ ðx01; x02; ::; x0NÞ

T and X=(x1, x2, . . .,xN)T 2 [L,U], X0 is
reachable with e-precision by X through crossover and muta-
tion operations, namely Prob{kMC(X)�X0k1 6 e} > 0.

Assume that X is an arbitrary point generated by X

through crossover, namely CðX Þ ¼ X . It only needs to
prove that X0 is reachable with e-precision by X through
mutation, namely ProbfkMðX Þ � X 0k1 6 eg > 0. Let
X ¼ ð�x1; . . . ;�xN ÞT .

For any x0k 2 X 0 and x0k 6¼ uk; lk;

(1) If �xk < x0k < uk;
(a) For ðuk � �xkÞ½1� t=T �b, there always exist a gen-

eration t and r0k 2 ð0; 1Þ such that
x0k ¼ �xk þ ðuk � �xkÞ½1� t=T �br0k;

(b) For ðuk � �xkÞðt=T Þb, there always exist a genera-
tion t and r0k 2 ð0; 1Þ such that
x0k ¼ �xk þ ðuk � �xkÞðt=T Þbr0k.

For r0k, there always exists ri
ik
2 ð0; 1Þ satisfying

j ri
ik
� r0k j< e. Thus, we can construct xi

ik
¼ �xkþ

ðuk � �xkÞðt=T Þbri
ik

or xi
ik
¼ �xk þ ðuk � �xkÞ½1� t=T �bri

ik
such that j xi

ik
� x0k j< e holds.

(2) If lk < x0k < �xk;
(a) For �ð�xk � lkÞ½1� t=T �b, there always exist a

generation t and r0k 2 ð0; 1Þ such that
x0k ¼ �xk � ð�xk � lkÞ½1� t=T �br0k;

(b) For �ð�xk � lkÞðt=T Þb, there always exist a gener-
ation t and r0k 2 ð0; 1Þ such that
x0k ¼ �xk � ð�xk � lkÞðt=T Þbr0k.

For r0k there always exists ri
ik
2 ð0; 1Þ satisfying

j ri
ik
� r0k j< e. Thus, we can construct xi

ik
¼ �xk � ð�xk � lkÞ

ðt=T Þbri
ik

or xi
ik
¼ �xk � ð�xk � lkÞ½1� t=T �bri

ik
such that

j xi
ik
� x0k j< e holds.

For any x0k 2 X 0, if x0k ¼ xk, let xi
ik
¼ xk; if x0k ¼ uk, let

xi
ik
¼ uk; if x0k ¼ lk, let xi

ik
¼ lk. j xi

ik
� x0k j¼ 0 < e holds for

all these conditions.
Thus, for any X0, there always exists eX ¼ ðxi

i1
; . . . ; xi

in
Þ

such that keX � X 0k1 6 e. Next, we prove that if
ProbfMðX Þ ¼ eX g > 0, ProbfkMðX Þ � X 0k1 6 eg > 0.

Assume the Hamming distance between X and eX is h.
Without loss of generality, let the last (n�h) components
of X are the same as those of eX . Thus, ProbfMðX Þ ¼
eX gP ph

mð1� pmÞ
n�hð 1

2T Þ
hQh

i¼1
1
ni
> 0.

Therefore, X0 is reachable with e- precision by X through
crossover and mutation.

Secondly, for each generation k, NEA always chooses
the best pop individuals as population P(k). Thus, the pop-
ulation sequence P(1), . . .,P(k), . . . is monotone. Note that
f(X) is continuous on the domain [L,U]. It can be con-
cluded that for e > 0 small enough and any global optimal
solution X*, f(X1) > f(X2) holds if X1 2 P*(e) and
X2 62 P*(e). The population can be seen as a Markov chain
with two states: 1) the population satisfies kP(k)�P*k1 6 e;
2) the population doesn’t satisfy kP(k)�P*k1 6 e.

From the monotony of the population sequence, State 1
transfers to State 2 with the probability 0, that is, State 1 is
an absorbing state. Since arbitrary two points are reachable
with e- precision, State 2 transfers to State 1 with probabil-
ity p > 0. So, State 2 is a transient state. By the Markov
chain theory [14], Theorem 1 holds. h

4. Results and comparison

In this section, we apply the proposed algorithm to 24
benchmark functions (f1–f23 are from Ref. [7] and f24 from
Ref. [17]). Fifty independent runs on each test function
were performed and the following results were recorded:
the mean number of function evaluations (MNFE), the
number of function evaluations (NFE), the mean function
value (MFV), and the best function value (BFV). In the
experiments, b = 2, pm = 0.3, k = 1/10000, m = 1/50. When
solving problems with 30 or more dimensions, c1 = 0.35,
c2 = 0.7, c3 = 0.85. Otherwise, c1 = 0.5, c2 = 1, c3 = 1.

The performance of NEA is compared with nine existing
algorithms in Tables 1 and 2. In the Tables, N represents
the result is not available in the corresponding reference.
Each of them is executed to solve some of f1–f24, and all
of the available results for comparison have already been
included.

Table 1 shows the performance comparisons among
FEP, LEP and NEA. In the experiments, the population
size of NEA is 100, NEA stops when the number of func-
tion evaluations of the FEP or LEP is reached or the best
individual cannot be further improved in successive 200
generations, and g0 is 2. From Table 1, the following con-
clusions can be drawn: (1) NEA can find optimal or closer-
to-optimal solutions. (2) For the most test functions, NEA
can obtain better and closer-to-optimal solutions than FEP
and LEP. (3) The mean numbers of function evaluations
required by NEA are fewer than FEP and LEP. (4) For
the most test functions, the number of convergence gener-
ation of NEA is smaller than those of others.

In Table 2, we compare NEA with HPSO1C NMS,
HPSO2C NMS, HPSO1D NMS, HPSO2D NMS, SPSO,
QPSO, and AQPSO. When we perform NEA, the popula-
tion size is 30 and g0 = 1. Except for f1, NEA can give sig-
nificantly better and closer-to-optimal solutions. At the
same time, NEA needs fewer mean numbers of function
evaluations than other algorithms. Therefore, NEA not
only has a smaller time complexity and higher conver-
gence-rate but also has high stability.
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Table 3 shows the comparison between NEA and CEA
(a variation of NEA). The difference between NEA and
CEA is that the initial population is only generated ran-
domly in CEA. For f1–f5, f7–f8, f10, f12–f13, f15–f16, f21–f24,
NEA obtains better solutions than CEA. For f6, f9, f11,
f18, f19, NEA gives the same optimal solutions and fewer
mean numbers of function evaluations than CEA. Only
for f14, f17, f20, NEA gives the same mean numbers of func-
tion evaluations. In conclusion, combining determinate
factors with random ones in the initial population produc-
tion makes NEA more efficient and robust.

In Table 4, the comparison between NEAM and NUM
is shown, where NEAM is an algorithm which only uses

the mutation operator in NEA and NUM is an algorithm
which only uses the previous non-uniform mutation. It
can be seen that, except for f8, the improved mutation oper-
ator gets much better solution and has faster convergence-
rate and higher robust.

5. Conclusion

In this paper, we present a novel algorithm, NEA, to
solve global numerical optimization problems. It uses a
new crossover based on the descent scale function and an
improved non-uniform mutation. The experiments indicate
that this mutation approach works better than the previous

Table 1
Comparisons among NEA, FEP and LEP, where results for FEP and LEP are gained from Ref. [7] and Ref. [15], respectively

Test function Theoretic best LEP(a = 1) FEP NEA

MNFE MFV MNFE MFV MNFE MFV

f1 0 1.50e + 005 0.010173 1.50e + 005 5.7e � 004 1.50e + 005 1.16e � 019
f2 0 N N 2.00e + 005 8.1e � 003 2.00e + 005 1.45e � 014
f3 0 1.50e + 005 172.245618 5.00e + 005 1.6e � 002 5.00e + 005 1.20e � 010
f4 0 N N 5.00e + 005 0.3 5.00e + 005 1.83e � 011
f5 0 1.50e + 005 80.265797 2.00e + 006 5.06 7.29e + 005 1.64e � 002
f6 0 N N 1.50e + 005 577.76 5.00e + 002 0
f7 0 N N 3.00e + 005 7.6e � 003 2.00e + 005 2.96e � 004
f8 �12569.5 1.50e + 005 �11433.1817 9.00e + 005 �12554.5 2.80e + 005 �12569.45
f9 0 1.50e + 005 24.398049 500000 4.6e + 002 8.79e + 004 0
f10 0 1.50e + 005 0.88504 1.50e + 005 1.8e � 002 1.50e + 005 5.61e � 011
f11 0 1.50e + 005 0.012899 2.00e + 005 1.6e � 002 1.03e + 005 0
f12 0 1.50e + 005 0.000097 1.50e + 005 9.2e � 006 8.04e + 004 4.18e � 007
f13 0 1.50e + 005 0.004141 1.50e + 005 1.6e � 004 1.50e + 005 8.43e � 005
f14 1 N N 1.00e + 004 1.66 4.50e + 002 0.998
f15 0.0003075 N N 4.00 e + 005 5.0e � 004 2.95e + 005 3.10e � 004
f16 �1.0316285 3000 �1.028753 1.00e + 004 �1.03 9.90e + 003 �1.03
f17 0.398 N N 1.00e + 004 0.398 1.00e + 004 0.398
f18 3.00 3000 3.183000 1.00e + 004 3.02 7.55e + 003 3.00
f19 �3.86 N N 1.00e + 004 �3.86 2.62e + 003 �3.86
f20 �3.32 N N 2.00e + 004 �3.27 1.71e + 004 �3.25
f21 �10 1.00e + 004 �7.841831 1.00e + 004 �5.52 4.75e + 002 �1.02e + 001
f22 �10 1.00e + 004 �9.672865 1.00e + 004 �8.27 4.75e + 002 �1.04e + 001
f23 �10 1.00e + 004 �9.932785 1.00e + 004 �9.10 4.74e + 002 �1.05e + 001

NEA stops when the number of function evaluations of the FEP or LEP is reached or the best individual cannot be further improved in successive 200
generations.

Table 2
Comparisons among NEA and HPSO1C NMS, HPSO2C NMS, HPSO2C NMS, HPSO2D NMS, SPSO, QPSO AND AQPSO, where the results for
HPSO1C NMS, HPSO2C NMS, HPSO1D NMS, HPSO2D NMS are obtained from Ref. [16] and the results for SPSO, QPSO, AQPSO are given in Ref.
[17]

f1 f5 f9 f10 f11 f24

HPSO1CNMS–MFV(1) 6.614e � 010 34.5819 29.3964 0.0948 0.0248 N
HPSO2CNMS–MFV(2) 3.780e � 010 44.5354 33.5891 0.1384 0.0241 N
HPSO1DNMS–MFV(3) 1.161e � 009 28.9776 31.5297 0.3952 0.0215 N
HPSO2DNMS–MFV(4) 1.254e � 009 22.5492 34.4734 1.1578 0.0231 N
SPSO–MFV(5) 2.26e � 010 289.593 37.2796 N 0.01267 4.74e � 005
QPSO–MFV(6) 1.87e � 028 59.0291 22.9594 N 0.1161 3.89e � 004
AQPSO–MFV(7) 5.04e � 006 61.6228 35.2366 N 0.01423 1.53e � 005
NEA–MFV 2.92e � 016 1.37 1.77e � 016 1.17e � 009 1.11e � 017 0
NEA–BFV(8) 3.04e � 019 3.36e � 001 0 2.93e � 010 0 0
Interval of (1, 2, 3, 4) [�100,100]n [-30,30]n [�5.12,5.12]n [�32,32]n [�600,600]n N
Initial interval of (5, 6, 7) [50,100]n [15,30]n [2.56,5.12]n N [300,600]n [30,100]n

NFE of NEA 3.00e+004 3.00e+004 3.00e+004 3.00e+004 2.73e+004 1.87e+003

NFE of HPSO1C NMS, HPSO2C NMS, HPSO1D NMS and HPSO2D NMS are 30000. NFE of SPSO, QPSO and AQPSO are 80000.

W. Zhao et al. / Progress in Natural Science 18 (2008) 345–351 349



one. After proving the convergence of NEA, we execute it
to solve 24 benchmark functions. The results show that the
proposed NEA finds optimal or closer-to-optimal solutions
quickly, and has more statistical soundness and faster con-
vergence-rate than the compared algorithms.
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Table 3
Comparison between NEA and CEA

Test function NEA CEA

MNFE MFV BFV MNFE MFV BFV

f1 1.50e + 005 1.16e � 019 1.25e � 021 1.50e + 005 7.81e � 018 3.01e � 019
f2 2.00 e + 005 1.45e � 014 1.13e � 014 2.00 e + 005 4.70e � 014 1.67e � 014
f3 5.00e + 005 1.20e � 010 1.80e � 013 5.00e + 005 2.45e � 007 5.98e � 009
f4 5.00e + 005 1.83e � 011 3.28e � 013 5.00e + 005 2.21e � 010 7.40e � 012
f5 7.29e + 005 1.64e � 002 9.35e � 003 3.82e + 005 2.86e + 001 2.75e + 001
f6 5.00e + 002 0 0 1.20e + 004 0 0
f7 2.00e + 005 2.96e � 004 1.93e � 006 2.83e + 005 5.35e � 004 1.30e � 004
f8 2.80e + 005 �12569.45 �12569.46 8.99e + 005 �9.94e + 003 �1.05e + 004
f9 8.79e + 004 0 0 1.22e + 005 0 0
f10 1.50e + 005 5.61e � 011 7.89e � 012 1.50e + 005 5.00e � 010 1.82e � 010
f11 1.03e + 005 0 0 1.37e + 005 0 0
f12 8.04e + 004 4.18e � 007 1.40e � 007 1.50e + 005 1.47e � 001 7.22e � 002
f13 1.50e + 005 8.43e � 005 7.01e � 006 1.50e + 005 1.80 1.53
f14 4.50e + 002 0.998 0.998 2.83e + 003 0.998 0.998
f15 2.95e + 005 3.10e � 004 3.07e � 004 3.66e + 005 7.69e � 004 4.03e � 004
f16 9.90e + 003 �1.03 �1.0316 9.90e + 003 �1.03 �1.03
f17 1.00e + 004 0.398 0.398 1.00e + 004 0.398 0.398
f18 7.55e + 003 3.00) 3.00 6.88e + 003 3.00 3.00
f19 2.62e + 003 �3.86 �3.86 1.55e + 003 �3.86 �3.86
f20 1.71e + 004 �3.25 �3.32 1.62e + 004 �3.27 �3.32
f21 4.75e + 002 �1.02e + 001 �1.02e + 001 4.74e + 003 �9.32 �1.00e + 001
f22 4.75e + 002 �1.04e + 001 �1.04e + 001 4.55e + 003 �9.51 �1.03e + 001
f23 4.74e + 002 �1.05e + 001 �1.05e + 001 3.20e + 003 �1.02e + 001 �1.04e + 001
f24 7.71e + 003 0 0 9.87e + 003 1.34e � 002 0

Table 4
Comparison between NEAM and NUM

Test function NEAM NUM

MNFE MFV BFV MNFE MFV BFV

f1 5.00e + 003 1.84e + 001 2.79 5.00e + 003 3.80e + 004 3.11e + 004
f2 5.00e + 003 8.47e � 001 3.78e � 001 5.00e + 003 1.74e + 002 7.66e + 001
f3 5.00e + 003 3.96e + 003 6.15e + 002 5.00e + 003 5.38e + 004 4.51e + 004
f4 5.00e + 003 6.16 3.38 5.00e + 003 7.48e + 001 6.35e + 001
f5 5.00e + 003 4.92e + 002 9.31e + 001 5.00e + 003 9.43e + 007 6.28e + 007
f6 5.00e + 003 1.62e + 001 5.00 5.00e + 003 3.86e + 004 2.58e + 004
f7 5.00e + 003 2.80e � 002 4.09e � 003 5.00e + 003 4.20e + 001 3.09e + 001
f8 5.00e + 003 �5.20e + 003 �6.12e + 003 5.00e + 003 �6.46e + 003 �8.09e + 003
f9 5.00e + 003 9.54 3.47 5.00e + 003 3.08e + 002 2.75e + 002
f10 5.00e + 003 1.71 6.84e � 001 5.00e + 003 1.96e + 001 1.88e + 001
f11 5.00e + 003 1.15 9.91e � 001 5.00e + 003 3.39e + 002 2.54e + 002
f12 5.00e + 003 3.98e � 001 1.87e � 001 5.00e + 003 1.51e + 008 3.63e + 007
f13 5.00e + 003 4.44 2.21 5.00e + 003 3.79e + 008 1.79e + 008
f14 1.12e + 003 0.998 0.998 1.56e + 003 0.998 0.998
f15 5.00e + 003 1.15e � 003 3.11e � 004 5.00e + 003 1.33e � 003 7.80e � 004
f16 5.00e + 003 �1.03 �1.03 5.00e + 003 �9.00e � 001 �1.02
f17 1.22e + 003 3.98e � 001 0.398 3.23e + 003 0.398 0.398
f18 5.00e + 003 3.00 3.00 5.00e + 003 3.00 3.00
f19 2.20e + 003 �3.86 �3.86 1.47e + 003 �3.86 �3.86
f20 5.00e + 003 �3.28 �3.32 5.00e + 003 �3.22 �3.32
f21 3.98e + 003 �9.23 �1.01e + 001 5.00e + 003 �6.69 �9.85
f22 3.29e + 003 �9.11 �1.03e + 001 4.93e + 003 �7.32 �1.03e + 001
f23 2.72e + 003 �9.79 �1.05e + 001 4.92e + 003 �7.42 �1.02e + 001
f24 1.91e + 003 0 0 5.00e + 003 4.19e � 002 1.97e � 003
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